I0OQM 2022 Part B

Official Solutions

Problem 1. Let D be an interior point on the side BC of an acute-angled triangle ABC.
Let the circumcircle of triangle ADB intersect AC again at E(# A) and the circumcircle of
triangle ADC intersect AB again at F'(# A). Let AD, BE and CF intersect the circumcircle
of triangle ABC again at D;(# A), E1(# B) and F;(# C), respectively. Let I and I; be the
incentres of triangles DEF and D, E, Fy, respectively. Prove that E, F, I, I; are concyclic.

Solution. Note that
/CFDy=/CADy = /EAD = /EBD = /E\BC = /E | F\C,

so F1C is the bisector of /D, E;F;. Similarly, E;B is the bisector of /D, E; F, implying
.[1 = BE1 ﬂCFl NOW,

LEDF = /EDA+ /FDA = /EBA+ /ZFCA
=/LF\BA+ /LF1CA=/E\Di1A+ ZLFW\D1A=/ZE\ D F;.

Therefore ) )
ZEIF =90° + ilEDF =90° + §4E1D1F1 =/F IL1F, = Z/FELLF,
which proves the required concyclicity. O
Problem 2. Find all natural numbers n for which there exists a permutation o of 1,2,...,n
such that .
> o2 =0.
=1
Note: A permutation of 1,2,...,n is a bijective function from {1,2,...,n} to itself.



Solution. Suppose that n =1 (mod 3) and ¢ a permutation of 1,2,...,n. Then

S o) (-2 =S o) = @ (mod 3),

i=1 i=1

and hence the left-hand side is non-zero.

We now show by induction that if n = 0 or 2 (mod 3) then there exists a permutation
of 1,2,...,n satisfying the given condition.

If n = 2 then the permutation given by (1)
Similarly, if n = 3 then the permutation o(1) =
condition.

Suppose that for n = m there exists a permutation o satisfying the given condition. We
consider the permutation 7 of 1,2,...,m + 3 given by 7(1) = 2,7(2) = 3,7(m + 3) = 1 and
(i) =o(i—2)+3fori=3,4,...,m+2. Then

0(2) = 1 satisfies the given condition.

2,
2,0(2) = 3,0(3) = 1 satisfies the given

m+3 m—+2

Yo =2-6+(=2)" 7+ Y 3. (—2)
=3

i=1

=26+ (-2)"" —4-((-2)™ -1) =0.

Thus, by induction it follows that for every n = 0 or 2 (mod 3) there exists a permuta-
tion satisfying the given condition. O

Problem 3. For a positive integer N, let T(N) denote the number of arrangements of the
integers 1,2,..., N into a sequence aq,as,...,ay such that a; > ag; foralli, 1 <i<2i <N
and a; > ag;y1, forall i, 1 < i < 2i+1 < N. For example, T(3) is 2, since the possible
arrangements are 321 and 312.

(@) Find T(7).

(b) If K is the largest non-negative integer so that 2% divides T(2" — 1), show that K =
2" —n —1.

(c) Find the largest non-negative integer K so that 2 divides 7'(2" + 1).

Solution. (a) Given an arrangement a4, as,..., a7, satisfying the given conditions, we can
build a binary tree with nodes as in the Figure below. At each node, the root node

a

a2 as

Qa4 as ag ay

is greater than the child nodes. Conversely, any such tree gives a valid arrangement.
Observing that the root of the tree must contain the maximum of the numbers, we can

choose 3 out of the other 6 numbers in (g) ways and build the left tree and the right

6
tree, each in 2 ways and hence the number of such trees is 2-2- ( 3) = 80.

(b) Observe that T'(N) is also the number of ways of arranging any N distinct numbers
into a sequence aq,as,...,ayx satisfying the given conditions. Also, the given conditions
imply that a; = maximum of the numbers. Now, leaving out the maximum, the rest of
the 2" — 2 numbers can be split into two groups of 2"~! — 1 numbers each and these can
be individually put into a sequences by,bs...,bon-1_1 and cy,co, ..., con-1_; satisfying the



conditions in T'(n — 1) ways each. Now, the required arrangement of the original given
sequence can be obtained as follows:

alablacl,b27b3;62;CSab4ab5ab67b77047057667673 v

This gives

TE"—1) =T ' —1)? (23n1__21> (1)

2" —2
We find the highest power of 2 that divides ( on—1 1):

We have

A 271
n—2 _ on—2
2 (Qn—l) =2 ’ on—119n—1|

o an(2n — 1)(2" — 2)!
gn—1(2n—1 _1)12n—1(2n—1 _ 1)

—e -0, 7%)

Now, the highest power of 2 that divides (23_1) is

(2n71+2n72++1) 72(2n72+2n73++1) =1
. . 2" —2 1\ |
Hence the highest power of 2 that divides (in B 1) isn—1.

From the recurrence (1), if ¢, is the highest power of 2 dividing 72" — 1), then ¢, =
2t,—1 +n — 1. From the initial conditions, t; = 0,t; = 1,t3 = 4, we obtain, by an easy
induction, that ¢, = 2" —n — 1.

(c) Suppose that N = 2™ + 1. It is easy to see that

277,
TR +1)=T@" ' - 1)T@2" ' +1
@n=ret-yre e, )

The highest power of 2 dividing ( 2n_21 N 1) is n:

2m 2m
27171 1 — . 277,71
@+ )<2n1 + 1) <2n1>

27L
Since the highest power of 2 dividing (2n1> is 1, it follows that the highest power of 2

3

dividing <2n1 O

then

) is n. Thus, if s, denotes the highest power of 2 dividing T'(2" + 1),

Sp=8p1+2" ' —(n—1)—14+n=s,1+2"!

Hence s, — s; = 2" — 2 and since s; = 1 (since T'(3) = 2), it follows that the highest power
of 2 dividing T'(2" + 1) is 2" — 1. O



