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Instructions

1. This booklet consists of 20 pages (excluding this page) and total of 7 questions.

2. This booklet is divided in two parts: Questions with Summary Answer Sheet and Detailed
Answer Sheet. Write roll number at the top wherever asked.

3. The final answer to each sub-question should be neatly written in the box provided below
each sub-question in the Questions & Summary Answer Sheet.

4. You are also required to show your detailed work for each question in a reasonably neat and coherent
way in the Detailed Answer Sheet. You must write the relevant Question Number(s) on each of
these pages.

5. Marks will be awarded on the basis of what you write on both the Summary Answer Sheet and the
Detailed Answer Sheet. Simple short answers and plots may be directly entered in the Summary
Answer Sheet. Marks may be deducted for absence of detailed work in questions involving longer
calculations. Strike out any rough work that you do not want to be considered for evaluation.

6. Adequate space has been provided in the answersheet for you to write/calculate your answers. In case
you need extra space to write, you may request additional blank sheets from the invigilator. Write
your roll number on the extra sheets and get them attached to your answersheet and indicate number
of extra sheets attached at the top of this page.

7. Non-programmable scientific calculators are allowed. Mobile phones cannot be used as calculators.

8. Use blue or black pen to write answers. Pencil may be used for diagrams/graphs/sketches.

9. This entire booklet must be returned at the end of the examination.

Question | Marks Score
Table of Constants 1 9
Speed of light in vacuum c 3.00 x 108 m-s~!
Planck’s constant h 6.63 x 1073* J-s 2 11
h h/2m
Universal constant of Gravitation G 6.67 x 10711 N -nf12-kg_2 3 12
Magnitude of electron charge e 1.60 x 10719 C
Rest mass of electron me  9.11 x 10731 kg 4 7
Value of 1/47eg 9.00 x 10% N-m?2.C~2
Avogadro’s number N4 6.022 x10%mol~* 5 9
Acceleration due to gravity g 9.81 m-=s2
Universal Gas Constant R 831J K !tmol! 6 14
R 0.0821 l-atm-mol ' K~!
Permeability constant po  4m x 1077 Hm™! 7 13
Total 75
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1. In the lower part of the earth’s atmosphere, the temperature decreases with increase of height.
Choose the origin of the coordinate system at the ground level with the y- axis vertically upward
and the z-axis horizontal. We assume a linear decrease of temperature such that the temperature
at a height y from the ground level is

T(y) = To(1 — by)

where Tj is the temperature at the ground level. The constant b = 0.023km™!. We consider
the propagation of sound in the z-y plane. Ignore any attenuation, reflection, and diffraction of
sound.

(a) If vo is the speed of sound at the ground level, obtain an expression for the speed of sound [1]
v(y) at height y, in terms of vy and b.

v(y)=

Solution: Speed of sound is

v:”,m% (1.1)

where m and ~ are the molar mass and adiabatic index of the gas respectively.

o(y) = ¢ RTG) ¢ RELE 0wy o N (1.2)

m m

Here vy = \/yRTy/m is the speed of the sound at ground level.

(b) Suppose sound propagates from the origin with an initial angle 6y with the z-axis. Obtain [2]
an expression for the angle § made by the direction of propagation of sound with the hori-
zontal at height y, in terms of 6y and b.

0:

Solution: Consider the propogation of sound “ray” from one medium to the other.
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Last four digits of Roll No.:

From Snell’s law,

sin 49 V9
sini;  v1
sin(g —62)  cosfy v
sin(§ —61) cosfy vy
cos 6 v(y —_—
cos O - 750) =Vi-by

6 = cos ™! [cos Bp\/1 — by]

(1.3)
(1.4)

(1.5)

(1.6)

(c) Obtain an expression for the x and y coordinates of a point on the path of propagation as

functions of 6.

Solution:

1 cos2 6
y=; (1-
b cos? 6y
% = tané
2 cos 0 sin 0
dzx

_ ccostsmb g,
tan 0 bcos? 0y

z 1
x /0 dx 2 cos? o [2(0 — 0p) + sin 20

sin 26| (1.10)

(d) For this part assume the direction of propagation of sound to be horizontal at the origin. For
the case where y is of the order 100 m or less, obtain an approximated expression relating

z and y i.e. y(x). Obtain z for y = 2.00 m.

y(z) =

Value of x =

1 20
2 _ 4y
b

Accepted range 585-600 m.

Solution: For y <100m and 6y = 0, Eq. (1.6) gives 6 ~ 3° (very small).

(1.11)

(1.12)

(1.13)
(1.14)

Detailed answers can be found on page numbers:

[3]

[3]
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2. Consider a particle of mass m confined to a one dimensional box of length L. The particle moves
in the box with momentum p colliding elastically with the walls. We consider the quantum
mechanics of this system. As far as possible, express your answers in terms of o = h?/8m.

(a) At each energy state, the particle may be represented by a standing wave given by the de [1]
Broglie hypothesis. Express its wavelengths A\gp in terms of L in the n'" energy state.

AdB =

2L
Solution: A\gg = —
n

(b) Write the energy of the n'' energy state, E,. [1]
E, =
Solution:
2 2p,2 2
g, =2 -t _on (2.1)

where we have used p = h/\gB.

(c) Let there be N (mass m) electrons in this box where N is an even number. Obtain the ex- [2]
pression for the lowest possible total energy Uj of the system (e.g., the ground state energy
of this N-particle system). Neglect coulombic interaction between the electrons.

Up =

Solution: Highest occupied level is nymax = N/2 and each level is occupied by the two
electrons.

N/2
@ aN(N +1)(N +2
U0:ZEn:ﬁZn2: ( 12L)2( ) (2.2)

n=1 n=1

(d) Express the total energy U; in terms of Uy and relevant quantities when the system is in the — [314]
first excited state. Also express the total energy Us in terms of Uy and relevant quantities
when the system is in the second excited state.

U, =
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Uy =

Solution: 1% excited state configuration is

Energy level Configuration
N/2+1 Ao
Nap o A
a (N\? a (N 2
Uy =Uy— 12 (2> + 12 (2 + 1> (2.3)
@

Solution: 2" excited state configuration is

Energy level Configuration
N/2+1 Ao
N/2 (2
N/2 -1 Ao
UQ:UO—E;(];T—1>2+LO‘2(JZ+1>2 (2.5)
= Uy + %2]\7 (2.6)

(e) When the system is in the ground state, let the length of the box change slowly from L

to L— AL. Obtain the magnitude of the force F' on each wall in terms of Uy, when AL < L.

F=

Solution: From the work-energy theorem,

FAL = Usnal — Uinitial (2.7)
_ aN(N +1)(N +2) 1 1 (2.8)
_aN(N+1)(N+2)2 20

b~ 1213 L (29)

(f) Assuming N is large (N > 1) obtain the ratio r of dUy/dN to the energy level of the highest

occupied ground state.

[1]

[1]
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T =
Solution:
— = — (N 3N 2N 2.10
dN  12L2dN (N + +2N) (2.10)
a
~ 3N? 2.11
1212 ( )
Highest occupied ground state corresponds to N/2, for which the energy level is a N2 /4L2.
Thus
r=1 (2.12)
(g) We assume once again that N is large. Consider the possibility of the electrons forming a  [114)]

uniform continuum of length L with constant linear density. Using dimensional analysis,
calculate the gravitational energy of this system Ug assuming that it depends on its total
mass, universal gravitational constant G and L. Equate this (attractive) energy to the
(repulsive) energy Up(NN). Obtain L in terms of N and related quantities.

Ug =

. GM? GN?m? GN2m?
Solution: [Ug| = I e 7

Solution: For large N, Uy ~ aN3/12L2.

GNsz_aN?’

L  12L2
I aN3  Nh?
12GM?  96Gm3

(2.13)

(2.14)

Detailed answers can be found on page numbers:

3. A chain of length [ and linear density A hangs from a horizontal support with both ends A and
B fixed to a horizontal support as shown. The two fixed ends are close to each other. At time ¢t
= 0 the end A is released. All vertical distances (z) are measured with respect to the horizontal
support with the downward direction taken as positive (A and B are initially at = = 0).
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t=0 t>0
pPPPPPPPP P77, CLLLLLLLLLELL.
LB A B A
: X
AV

1/2

Y |

(a) Obtain the momentum P of the center of mass of the system when the end A has fallen by
a distance x, in terms of z and speed #.

P=

Solution: Let total mass of the chain to be M = Al.

The mass of the left side of the chain — (Z J; 3

CM of the left side of the chain = (l —Z x>

l—
The mass of the right side of the chain = A ( >

2
1 —
CM of the right side of the chain = < :1:)

(B E) (T

TCM = Y,
M2 Nz M\x?
_ _ .2
Nzom 1 + 9 1 (3 )
. AW
P=Xicy =\ ( 5 ) x (3.3)

(b) Assume that the end A is falling freely under gravity, i.e., & = g. Obtain the tension T" at
the fixed end B just before the chain completes the fall and becomes entirely vertical.

T =

Solution:

[2]

[1]
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From Eq. (3.3)

5 AL .
P= i[m(l — ) — 27

A
gl —3gx] = Mg—T

2
T(x)zﬂgf’(1+?73):w<1+?“

T(x=1)=2\Ng

Experimentally, the value of tension is found to be different from the above result. We adopt an

alternative approach assuming conservation of mechanical energy.

(c) Obtain the potential energy U(zx) of the chain and plot it versus z. Take the potential

energy of a point mass placed at the horizontal support to be zero.

Solution: In general, U = —Algzcym. Using Eq. (3.2)

—-A
U= Tg(l2 + 21z — %)
-
—Agl?/4
—\gl?/2

(3.11)

(d) Obtain the speed & when the end A has fallen by a distance x. Assume that all sections of

the falling (right side) part of the chain have the same speed.

[2%%]

[2%%]
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Solution: From Eq. (3.3), kinetic energy of the chain

1. /71—
K () = 5\ ( 5 x) 32 (3.12)
As the total energy is conserved,
U(z)+ K(z) =U(t =0) (3.13)
o712
P2 = M (3.14)
(I —x)
1/2
&= M (3.15)
(I —x) '
(e) Hence obtain T'(z) at B as a function of z and related quantities. You are advised to simplify (3]
your expression as far as possible.
T(x)=
Solution:
aiﬂ = 2
Substituing Eq. (3.15) in the above equation yields
. g(2lx — x2)
g L) 1
=g+ 20— )2 (3.16)
Combining Egs. (3.6), (3.7) and (3.16)
AL .9
T:)\lg—i[m(l—:c)—x ] (3.17)
Ag 2 2
= 21 2lx — 1
4(l—x)[ + 2lz — 37| (3.18)

(f) Qualitatively sketch T'(z) versus x. (1]
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T(z)

Solution:

Agl/2

h R Ny SRR 4

0

Detailed answers can be found on page numbers:

4. Consider a long narrow cylinder of cross section A filled with a compressible liquid up to height
h whose density p is a function of the pressure P(z) as p(z) = % (1 + %{f)) where Py and po
are constants. The depth z is measured from the free surface of the liquid where the pressure is

equal to the atmospheric pressure (Paim)-

—

e—o
Pitm ¥

_ |

z
h - A
lg
- N~

(a) Obtain the pressure (P(z)) as a function of z. Obtain the mass (M) of liquid in the tube. [5]
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P(z) =
Solution:
P(z) = / p(2)gdz + P (4.1)
“ po < P(Z)>
= — 1 d P, 4.2
L5 (1 5 ) 9z + P (4.2
dP(z) _ po P(Z)>
=211 4.
dz 2 < + PO g ( 3)
P(z)  4qp z d
/ _dP(z) _ [*pogdz (4.4)
Pum D0+ P(2)  Jo 2P
Py+ P
log 20t (2) _ pogz (4.5)
PO + Patm 2F)O
P(2) = [(Po + Pagm)e™%*/? — Py (4.6)
M =
Solution:
p(z) o PO(PO + Patm) epogz/ZP(] (47)
2P,
h
M= / p(2)Adz (4.8)
0
A
= (P + Patm)(ef09h/2P0 1) (4.9)
g
(b) Let Pi(z) be the pressure at z, if the liquid were incompressible with density pp/2. Assuming (2]
that Py > pogz obtain an approximated expression for AP = P(z) — P,(z).
AP =~
Solution:
Pi(2) = Pam + %gz (4.10)
P(z) = (Py + Pagm)e™9*/*P — Py (4.11)
Patm pogz <1)092’>2 1
~P(1 1 —| — P, 4.12
0(+P0> top T\aem ) 2 0 (4.12)
AP = P(z) — Pi(z) (4.13)
(092)* | Patm pogz | Pamm <p092>2
= 4.14
sh, TP, 2 2 \2pm (4.14)
which is correct upto second order in pogz/2F.
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which is correct upto first order in pogz/2F,.
Both Egs. (4.14) and (4.15) (mentioning order of approximation) gain full credit.

Pitm Pogz

AP =~
Py 2

(4.15)

Detailed answers can be found on page numbers:

5. A pair of long parallel metallic rails of negligible resistance and separation w are placed horizon-
tally. A horizontal metal rod (dark thick line) of mass M and resistance R is placed perpendic-
ularly onto the rails at one end (as shown). A uniform magnetic field B exists perpendicular to
the plane of the paper (pointing into the page). One end of the rail track is connected to a key
(K) and a capacitor of capacitance C' charged to voltage V. At ¢ = 0 the key is closed. Neglect

friction and self inductance of the loop.

K\

i

BQ®

<--m-m g -

(a) What is the final speed (vgpna)) attained by the rod?

Ufinal =

force,

Solution: At t = 0,Qy = CV,. At any instant, Q = —I, where @ is the charge on
capacitor and I is the current in RC circuit. From Newton’s second law and Lorentz

d
m% = [wB (5.1)

dt
= —QuwB (5.2)

Induced emf in the circuit is Bwv. From KVL,

Q_ IR+ Buwv (5.3)

C
= QR+ Buwv (5.4)

[6]
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Differentiating Eq. (5.4) and using Eq. (5.2)
1 .  B?w?
G=-pe@- 20 (55)
1 B2w?
—_O| = 5.6
@ lRC mR ] (56)
: 1 1  B*w?
Q== where — = = mz (5.7)
) ‘ -
log <go> =-= where Qo = I(t = 0) :_EO (5.8)
Q= —%e*t/f (5.9)
Combining Egs. (5.2) and (5.9)
dv _ VoBw _y
b T 1
m— 7 ¢ (5.10)
Vfinal 0 B
/ m dv :/ VoBw 1z g (5.11)
0 0 R
BwV, /4
MUfinal = &(—T)e_tﬁ (5.12)
R 0
BwVyr
= 5.13
] (5.13)
BwCV
nal — 14
Viinal = BRw2e (5.14)
(b) Consider the ratio r of the maximum kinetic energy attained by the rod to the energy (2]

initially stored in the capacitor. What is rpax, the maximum possible value of r, by appro-
priately choosing B?

Tmax =
Solution:
2
mvmax/2
— —_max/ = 5.15
"o (>19)
T B2w2C
= e where z = - (5.16)
. 1
r has a maximum value of 1 atx =1
Tmax = 1/4 (5.17)
(c) Let M = 10.0 kg, w = 0.10m, Vo = 1.00 x 10*V and a bank of capacitors ensures that C (1]

= 1.00F. If r = rmax, calculate the value of vgpa).

'Uﬁnal(r = rmax) =
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Solution: For 7.y,

B2w?C
Y 1= B=316T (5.18)
m
Vmax = 1.58 x 103 m /s (5.19)

Detailed answers can be found on page numbers:

6. Consider n moles of a monoatomic non-ideal (realistic) gas. Its equation of state may be described

by the van der Waal’s equation
an’? v
P+—||—-0b)=RT
(e ) (L) = n

where a and b are positive constants and other symbols have their usual meanings. The internal
energy change of a realistic gas can be given by

dP
dU = Cy dT + {T (dT)V —P}dV

As indicated in the above expression, the derivative of pressure is taken at constant volume.

We take one mole of the gas (n = 1) through a Diesel cycle (ABCDA) as shown in the following
P-V diagram (diagram is not to scale). During the whole cycle assume that the molar heat
capacity at constant volume (Cy/) remains constant at 3R/2. Path AB and CD are reversible
adiabats.

Pg=Pc|----

Vi Vo Va=Vp

(a) Obtain the temperature at B (Tp) in terms of temperature at A (T ), Va, Vs and constants  [21/5]

only.
T =
Solution: RT
dU = dT —— —Pd
U=Cy + {V 3 } Vv

AB and CD are reversible adiabats, hence entropy change during these processes are
ZEro.
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(b) Let temperature at A to be Ty =100.00K, Vy = 8.001, Vg = 1.001, V& = 2.001, a = 1.355
12.atm/mol?, and b = 0.03131/mol. Calculate the highest temperature reached during the

B D
ASas = AScp — / aQ _ dQ —0 (6.1)
C
B aQ _ CV
/ ar + / mdv —0 (6.2)
TB Vs — b
B _ R )
Cytng? =R n(VA—b) (6.3)
Vi — b\ F/Cv Vig — b\ ~2/3
T =T =T 6.4
. A(VA—b) A(VA—b) (64)

whole cycle.

Highest temperature =

Solution: Highest temperature during cycle is at T¢.
T3 =407.5K (6.5)
which gives, from van der Waal equation

Pg =33.18atm = P (6.6)
= Tc =803.7T6 K ~ 804K (6.7)

Different value of T (within a range) obtained due to reasonable roundoff in previous
step(s) will be credited.

Calculate the efficiency 7 of the cycle.

Value of n =
Solution:
dQi = dQpc = dU + PgdV (6.8)
RT
= —d .
=Cvdl + ;—dV (6.9)
= Cy dT + (P + 1/2) av (6.10)
a Ve
Qin =Cy(Tc —Ts)+ Pe(Ve — VB) — v (6.11)
VB
Qout = Qpa = Cv(Ta — Tp) (6.12)
n=1- %‘f“t = 67.7% ~ 68% (6.13)

Different value of n (within a range) obtained due to reasonable roundoff in previous
step(s) will be credited.

[115]

[3]
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(d) Draw the corresponding 7-S (entropy) and V-T diagram for the Diesel cycle. Wherever
possible, mention the numerical values of T, V, and S on the diagrams.

[7]

T
S
Vv
T
Solution:
dQ Cy dT R
= | == — .14
ASgc 1T T + v de (6.14)
Tc Vo—0b
=Cyln—+RI1 6.15
Vit TR YT (6.15)
= 1.73R = ASpa (6.16)
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T (K)
803

408
316

100
> S (J/K)
Solution:
V(1)
8
C
2
1
1
! 1 1 | :
: — > T (K)
100 316 408 803

Detailed answers can be found on page numbers:

7. As shown, a magnet of mass m = 19.00g slides on a rough
non-magnetic metallic inclined plane which makes an angle 6
with the horizontal. One can change the angle of inclination
of the plane. Due to relative motion between the magnet
and the plane, eddy currents are generated inside the metal
which retard motion of the magnet.

Magnet
\\L
Metalljc plane

Assume that the magnitude of the resistive force on the magnet is bv where b is a positive
constant and v is the instantaneous speed of the magnet. Let p be the coefficient of kinetic
friction between the magnet and the plane.

(a) If the magnet starts moving from rest at time ¢ = 0, obtain the expression of its terminal (2]
velocity Vp. Also obtain the displacement S(t) along the inclined plane as a function of
time. Take S(0) = 0.

Vr =
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Solution:
Vi — mg(sin — pcosf)
b
S(t) = Vi [t - %

(=)

(b) For a fixed 6 a student records S for all values of ¢ as shown in the table below. Draw
a suitable graph and obtain the terminal velocity Vr of the magnet from this graph. For
this and the next part, three graph papers are provided with this booklet. No extra graph

papers will be provided.

[ t() | S (m) ]
0.016 | 0.001
0.049 | 0.003
0.070 | 0.006
0.090 | 0.010
0.120 | 0.017
0.174 | 0.029
0.230 | 0.046
0.270 | 0.058
0.320 | 0.074
0.370 | 0.091

Vr =

Graph is plotted on page no. :

Solution: Vi = slope of the graph = 0.315 m/s
Accepted range 0.301 m/s < Vp < 0.329m/s.

(c) The above process is repeated for various values of . The obtained values of terminal

velocities for the different 6 are given below.

| 6 (degree) | Vi (m/s) |

19 0.15
24 0.23
28 0.29
35 0.40
40 0.46
45 0.53
48 0.58
92 0.62

Plot a suitable graph and obtain the values of b and g from this graph.

b=

Graph is plotted on page no. :

[4]

[7]
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Solution:

Vo mg pmg
cosf b tan b (7.3)

Graph is plotted for Vi /cos vs tan 6.
] tan 6 ‘ Vr/cos (m/s) ‘

0.34 0.16
0.45 0.25
0.53 0.33
0.70 0.49
0.84 0.60
1.00 0.75
1.11 0.87
1.28 1.01
mg
Slope of the graph = 0.91m/s = 5 = b=0.21N-s/m

Intercept = 0.16 = Mng = u=0.18

Accepted range of slope = 0.86 - 0.96 m/s

Accepted range of intercept = 0.12 - 0.19 m/s

Respective ranges of b and p are

0.19<b<0.22m/s and 0.14 < 1 < 0.20

Determination of b and p from a graph of V1 vs 6 using an appropriate method also
gains credit.

Detailed answers can be found on page numbers:

k% END OF THE QUESTION PAPER *#**



INPhO 2019 Page 26 Detailed Answers Que. No. b Last four digits of Roll No.: A AKX X

o

Scolle pw F ARS

o . : ‘ PO o e 2 aee:

[‘:‘,M - Opogy w @/
oot ; 7
- ;ﬂw? = O 218 W/S /

HiE : S laal

_[J- .i. 7\ kt;}-‘ DU = I ’ ',
/!

o6

i
R a g : .

[tk

(L _
2 / ([ Evh SR elket, 3

pF
Sy

o

t‘{sj



T 1 i H
§ &
i sudnannany T
T sansw
: usra
1
1 Y A
St ]
0r =
13
T
T Y
T rt I b
1 b -1
- 14 t i 1 B
b | 1 T \
f L
[l a8 ] s B
T
i . 1] 114
e
3 I it - ]
— 1
hotaseis I ' Ir
X > .
T T ;
1 AL
1xx|(xm . = -
} 5
o
g 1 {4 =
BaIEAY
Eoh +
1
ri 11 > f
by . | T
HiH }: +
= t L} &
- - -t
1 )
a i
Q| I =
ERS
As 1 - 1
T 13 H - 1Ly
I 1 1
I + } 111
Q 1 ! 4
: i : i)
1 113 T THT I
INRES] T 4 {
. T ) 1
<)) HHI £ T
Tty b g
T & }
LA Ra ] § it
& it L
.
¥ L2
4
! -t
w0 r
bt £ i1
3] ~ S .
= b
.
w0 M A
T -t ] - 11
< ; i w : L]
11 I 1T g b !
g yan o + T
=, X
-1
r
o g
—
s o I 14
a H -
O A
121 L3
D T T =
4 1
t :
i
¥ T
I T 1 ¥
5 e 2 Py L]
N ¥ T
o™ 1 T .
f . :
HHH
&l k { H
g 1 1 BB
Sl premrreer T
it
Lot} _
o) 1
I [ b i
o HH + 1
(@] 3
=] . —
[» H H T I 1 T T s
M L} — Ji
o 2 L ¥ 1 H ] )
N 1
1 by
a [} = T : i i HHNE
L i H 1t I pEss: 1 1 LH3]L




