324 Indian National Mathematical Olympiad-2017
Time: 4 hours January 15, 2017

Instructions:

Calculators (in any form) and protractors are not allowed.
Rulers and compasses are allowed.

All questions carry equal marks. Maximum marks: 102.
Answer all the questions.

Answer to each question should start on a new page. Clearly indicate
the question number.

. In the given figure, ABCD is a square sheet D'

of paper. It is folded along E'F' such that A D8 C
goes to a point A’ different from B and C, on
the side BC' and D goes to D’. The line A’D’
cuts CD in G. Show that the inradius of the A
triangle GC A’ is the sum of the inradii of the A . B
triangles GD'F and A’BE.

Suppose n > 0 is an integer and all the roots of 3 + az + 4 — (2 x 2016™) = 0
are integers. Find all possible values of «.

Find the number of triples (z,a,b) where x is a real number and a, b belong to
the set {1,2,3,4,5,6,7,8,9} such that

2? —a{z} +b=0,

where {z} denotes the fractional part of the real number x. (For example
{1.1} = 0.1 = {-0.9}.)

Let ABCDE be a convex pentagon in which /A = /B = ZC = ZD = 120°
and side lengths are five consecutive integers in some order. Find all possible
values of AB + BC + CD.

Let ABC be a triangle with ZA = 90° and AB < AC'. Let AD be the altitude
from A on to BC'. Let P, and I denote respectively the incentres of triangles
ABD, ACD and ABC. Prove that Al is perpendicular to PQ and Al = PQ.

Let n > 1 be an integer and consider the sum

_ n n—2kaok __ n n n n—2 n n—4 92
m_;)(zk>2 3_<0)2 +<2>2 3+(4>2 3%+

Show that 2z — 1,2z, 2x + 1 form the sides of a triangle whose area and inradius
are also integers.
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foely 8ff e & ot (calculators) T =ier (protractors) & WANT HT 3efATT &l &.
YA (rulers) TUT WHR (compasses) & AT HT AN &

g Ul & 3k UHHAT §. AWHdA 3F : 102.

Tl geal & 3 QIS

Jcdeh U & 3cck AT Uof & YR R, U HATh TS & T 3fd Hifo.
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W Pred & @Y f feger GCA'# safisar Beget GD'F AL

dur A'BE &1 3id: BSam3it & IeT & S 8.
AT NS fF n > 0w quiies & a7 x3 + ax +4 — (2 x 2016™) = 0% | 7 qUliar §.
a s gl gHrfad AT g Rl
31 @el g7t (x, a,b) Y A€ A9 RS G0 6 x U areaias d&dr § a9r a,b
ey {1,2,3,4,5,6,7,89} @ 38 YR Hefed & f

x> —a{x}+b=0
g1 {x} areafas T@&AT x & fAealcdd 9T §. (30T & faw {1.1} = 0.1 = {-0.9}.)
A NS F ABCDE Ueh 3cclel Gd31sT (convex pentagon) § #H LA = 4B =£C = 4D =
120°% T st v FS fREl A H U FHFIT QUi (consecutive integer) &.
AB + BC + CD & O ¥Hd AT AT hIioid.
A NS T ABC woh 38t § fSd 24 = 90° a1 AB < AC. &<l NSy & AD, A% BC
W Aeres §. A NS & P, Q T [ A B8[et ABD, ACD T41 ABC & 3icT:shal
Rfa a & R ffSF & Al, PQ & oFvad § aar Al = PQ.
AT NS fF n > 10w quiies & et et @ fa=mR Hifgd

X = ;) (an) on—2k3k — (g) on 4 (721) 2n-2.3 4 (Z) on—4 .32 4 ...

R@mse & 2x — 1, 2x, 2x + 1 38 T &1 o3t & alid § fowenr arawhel dur 3ia:fear
i v quiie g



